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Global Existence of Classical Solutions for A Class 

Nonlinear Parabolic Equations 

Svetlin G. Georgiev 


Abstract — In this article we prove the existence of 
classical solutions for a class nonlinear parabolic 
equations. We propose new integral representation of 
the classical solutions. As an application we give 
continuous dependence and differentiability of the 
solutions with respect to the initial data and parameters. 

Index Terms — parabolic equation, existence, dependence on 
initial data, 

I. Introduction 

In this article we investigate the Cauchy problem 

u t u xx = f(t; x; u; u x ) in (0; oo) * R, (1.1) 

u(0; x) = 0(x) in R; (1.2) 

Where 0 € C 2 (R), f : [0; oo) *R* R* R — ► R is a given 

continuous function, u : [0; oo)*R — ► R is unknown. 

Our main result is as follows. 

Theorem 1.1. Let f € C[0; oo) *R* R* R), 0 € C 2 (R). Then 
the problem (1.1), (1.2) has a solution u € C ! [0; oo); C 2 (R)). 

To prove our main result we propose a new approach 
different than the well-known approaches. Also, we propose 
new integral representation of the solutions of the initial 
value problem (1.1), (1.2). 

As an application of our new integral representation we 
deduct some results connected with the continuous 
dependence on the initial data and parameters of the problem 
( 1 . 1 ), ( 1 . 2 ). 

Theorem 1.2. Let f € C[0; oo) *R* R* R), exist and 

OU 0U X 

are continuous in [0; oo)*R* R* R, 0 € C 2 (R). Let also 
u(t,x,0, O) € C ! [0; oo) ; C 2 (R)) be a solution to the problem 
(1.1), (1.2). Then u(t,x,0, 0) is differentiable with respect to 

Su 

0 and u(t,x) = — ( t , x, 0, 0) satisfies the following initial 
value problem 

o r 

u t -u xx = ^(t,x,u(t,x,0,<i>),u x (t,x,0,<f>'))u + 

(t, x,u(t,x, 0, x, 0, < t*))u x in[0; oo) *R , (1.3) 

u(0,x) = 1 in R (1.4) 

II. Auxiliary results 

We will start with the following important lemma. 


Lemma 2.1. Let f € C([a, b] *[c, d]* R* R), g € C 2 ([c; d]). 
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Then the function u € C ([a, b]; C ([c,d])) is a solution to the 
problem 

u t -u xx= f( t, x, u, u x ) in (a,b]*[c,d], (2.1) 

u(a,x) =g(x) in [c,d] (2.2) 

if and only if it is a solution to the integral equation 

Z Z (“(*. z ) - g(zj)dzdy - x) - u(r, c) - (x - 

c)ux(r,c))dr 

- fa Sc /( T ' z ’ z), u x (t, z))dzdydr, x€ [c,d],t €[a,b] 

(2.3) 

A. Proof. 1. 

1 2 

Let u € C ([a,b],C ([c,d])) is a solution to the problem 

( 2 . 1 ), ( 2 . 2 ). 

We integrate the equation (2.1) with respect to x and we get 
Z u t ( t , z)dz - f c x u xx (t, z)dz 

= f f(t, z, u(t, z), u x (t, zj)dz, x€ [c,d],t€[a,b] 

rJC 

J c u t (t,z)dz — u x (t,z)+ u x {t,c ) 

= f(t, z, u{t, z), u x (t, z))dz, x € [c,d],t €[a,b] 

Now we integrate the last equation with respect to x and we 
find 

Z Z u <- ( ' ti z ) dzd y - Z u * ( ' ti z ) ~ u * c ^ dz 

= f L f(t, z, u(t, z), u x (t, z))dzdy, x € [c,d],t €[a,b] 
or 

s* Sc u t(t,z)dzdy — u{t,x) + u{t, c) + (x — c)u x (t, c) 

= f* f y c f(t,z,u(t,z),u x (t,z)^dzdy, x€ [c,d],t€[a,b] 

Now we integrate the last equality with respect to t and we 
obtain 

fa Z Z u t ( s ' z:)dzdyds - Z(u(s, x) - u(s, c ) - 

x—cuxs,cds 

= ZZZ f(s,z,u(s,z),u x (s,z))dzdyds, 

x € [c,d],t €[a,b] 
or 

Z Z z) - g(z))dzdy - f* u(s, x) - u(s, c) - 
x—cux(s,c) )ds 

= Z Z Z f( Sl z> u ( s ’ z f u x ( Sl z f)dzdyds, 

x € [c,d],t €[a,b] 

i.e. , u satisfies the equation(2.3). 

B. Proof 2 
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Let u €C ([a, b], C ([c, d])) be a solution to the integral 
equation (2.3). We differentiate the equation (2.3) with 
respect to x and we get 

J* f y u(t,z ) - g(z))dz - f‘(u x (s,x ) - u x (s,c))ds 

= f a fc fc f( s ' z ’ u ( s ’ + u x ( s - zj)dzdyds, 

x € [c,d],t €[a,b] 

Again we differentiate with respect to x and we find 
u(t,x)-g(x) - f‘u xx ( s,x)ds 

= £ f(s,x,u(s,x),u x (s, x))ds, x€ [c,d],t€[a,b] 

Now we put t=a in the last equation and we find 
U(a,x) = g(x), x€[c,d], 

i.e., the function u satisfies (2.2). 

Now we differentiate the equation (2.4) with respect to t and 
we find 

u t (t,x)— u xx (t,x) = /(t, x,u(t, x),u x (t, x)), 

x € [c,d],t €[a,b] 

The proof of the existence result is based on the following 
theorem. 

Theorem 2.2. [1] Let X be a nonempty closed convex subset 
of a Banach space Y. Suppose that T and S map X into Y such 
that 

1. S is continuous and S(x) resides in a compact subset of Y . 


K u = {u€, K n : ||u|| <B}. 

Since O € C([0,1]), f € C([0, 1]* [0, 1]* [- B, B] *[- B,B]) we 
have that there exists a constant Mu > 0 such that 
|0(x)|<M n in [0,1], 

|f(t,x,y,z)| < M n in [0, 1]* [0, 1]* [- B, B] *[- B,B] 


Let 1>0 be chosen so that 

L(5B + 2 M n )<B (3.3) 

Let also, 

L n = {u€ K n : ||u|| < (1+1) B}. 

We note that K u is a closed convex subset of L n 
For u € Li ! we define the operators 
T n (u) (t,x) = (1+1) u(t,x), 

s„ (u) (t,x) = -lu(t,x) + 1 f y (u(t, z) - 0(z))dzdy - 

lOtUT,x — ut,o — xuxt, 0 dr—l 0 t 0 x 0 yf( t,z,ut,z,ux( t,z) ) dzdy 
dr. 


a) Sn : Kn — ► K u .Letu€ K„. Then Sn(u) € C 1 ([0,1], 
C 2 ([0, 1])) and for (t, x) 2 [0, 1] [0, 1], using the choice (3.6) 
of the constant 1, we have 


ISn (u) (t,x)l = -lu(t,x) + l C C(u(t,z) - 


0 JO 


Ozdzdy I 0 tur,x—UT, 0 —xuxt, Odr—l 
0 t 0 x 0 yfr,z, UT,zuxT,zdzdydrj, 


2. T : X — ►Y is expansive and onto. 

Then there exists a point x € X such that 

Sx* + T x* = x* 

Definition 2.3. Let (X; d) be a metric space and M be a subset 
of X. The mapping T : M ""^X is said to be expansive if there 
exists a constant h > 1 such that 
d(T x ,T y ) >hd(x; y) 

for any x, y €M. 


< 1 \u(t,x)\ + l / 0 y (|u(t,z)| + |<t>(z)|)dzdy + 

I 0 t( ut,x+ut, 0 +xjuxT, 0 /)dT+/ 0 t 0 x 0 yl/( r,z, ur,z, uxr,z)jd 
zdydr <IB+IB+M 1 1 + 3 /B+/M 1 1 = 5 B+ 2 Mlll<B, 

S u (u) t (t,x) = - lu t (t,x ) + l f 0 x fj u t (t,z)dzdy - 
iut,x—ut, 0—xuxt, 0—l0x0yft,z, ut,z, uxt,zdzdy 

< l\u t (t,x)\ + l f* f y \u t (t,z)\dzdy + l(_\u(t,x)\ + 
ut, 0-hxuxt, 0+l0x0y/t,z, ut,z, uxt,zdzdy 


III. Proof of the existence result 
Step 1. Firstly, we will prove that the problem 


<1B +1B +3 IB +lM n =1(5B+ Mu) < B, 

Sii(u)x(t,x) = —lu x (t,x) + l / q x (u(Lz) — 0(z))dz — 
I0t( uxt,x — uxT,0)dr—l0t0x/( t,z, ut,z, uxt,z) )dzdr, 


u t - u xx = f(t,x, u, u x ) in 


(0, 1] [0, 1], (3.1) 


u(0, x) = <D(x) in [0, 1] 


(3.2) 


\S n (u) x (t,x)\ = | — lu x (t, x) + l — 0(z))dz — 

I 0 t( uxt,x — uxT, 0 )dr—l 0 t 0 x/( r,z, ur,z, uxT,z)dzdrj, 


has a solution u € (^([O; 1]; C2([0; 1])). 

Let Ell =C1([0,1], C 2 ([0,1])) be endowed with the norm 

Hull = max{max tx€[0 !] |u(t # x) \ , max t|X€[0|1] \u t (t, x) \ 

xm^ Ux ^ X ^ I ' max t,x€[0 ; l] Wxx (ti x) |} 

With Kn we donate the set of all equicontinuous families 
in En, i.e., for every 8>0 there exist 5(c) > 0 such that 
lu (ti,x0 - u (t 2 ,x 2 )| < 8, |u t (ti,xi) - u t (t 2 ,x 2 )| < 8, 

lu x (ti,X!) - U x (t 2 ,X 2 )| < 8, lu xx (ti,Xi) - UX x (t 2 ,X 2 )| < 8 

Whenever I t r t 2 | < 5, | x r x 2 | < 8. 

9 

Let B > 0 be arbitrarily chosen, K n = K n , 


< l\u t {t,x) \ + l / x (|ti(t,z)| + 0(z)|dz + 

/ 0t( !ux( r,x)/+uxr, 0dr+/0t0x//( r,z. ur,z, uxT,z)jdzdr 

<IB + l(B + M n ) + 21B + lM n = 1(4B + 2M n ) < B, 
Su(u) xx (t,x) = - lu xx (t,x ) + l(u(t,x ) - <D(x)) - 
l L( u xx (t, x)dr — l f‘ f(r, x, u(r, x), u x ( t, x))dr, 
\Sn(u) xx (t,x)\ = | - lu xx (t,x ) + l(u(t,x ) - <D(x)) + 

1 fo(u xx (r,x)dr - l /(r, x, u(r, x), u x (r, x))dr|, 

< IB + 1{B + M n ) + IB + 1M U = 1(3B + 2M n ) < B, 

We note that (Sn(u) : u € Kn } is an equicontinuous family in 

Em Consequently Sn : Kn-^ K n }. Also, Sn(Kn) CKn c 
Ln, i.e., Sn(K n ) resides in a compact subset of Lm 
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b) Sul K n -► K n is a continuous operator. We note that if 
{u n }°o n= i be a sequence of elements of K n such that u n -► u 
in Kn as n -► oo, then Sn(u n )-^ Sn(u) in Kn as n -►oc 
Therefore Sn : Kn -► Kn is a continuous operator. 

c) Tn : Kn -►Ln is an expansive operator and onto. For u,v 
€ Kn we have that 

IITn(u) - Tn(v)ll = (1+1) llu-vll, 

i.e., Tn : Kn ►Ln is an expansive operator with constant 

1+1. 

Letv€ L u . Then v\ 1+1 € K n and 
Tn(v\l+1) = v, 

i.e. , Tn : Kn ► Ln is onto. 

From a), b), c) and from theorm 2.2, it follows that there is 
Un€ Kn such that 

Tn Un+ Sn Un = Un 
Or 

(1 + 0u n (t, x) - lu n (t, x) + 1 J 0 X J 0 y ( u n (t, z) - 

0(z))dzdy — l Jq Uh(t, x) — u n (r, 0) — xu 11x (t, 0 ))dr — 
/ 0t0x0yf( t,z, ull( r,z), ul lx( t,z) ) dzdydr=ul 1 ( t,x), 

Or 

fo fo ( U 11 Ct. z) - l t > (z))clzdy - l f* u n (r, x) - u n (r, 0) - 
x ul lxr, 0)dz—l 

0t0x0y/( t,z, ull( t,z), ul lx( t,z) ) dzdydr=0, 

Whereupon, using Lemma 2.1, we conclude that 

u n € C^IOjl], C 2 ([0,1])) is a solution to the problem (3.1), 
(3.2). 

Step 2. Now we consider the problem 
Ut-Uxx = f(t,x,u(,x),u x (t,x)) in (0,1]*[1,2], (3.4) 

u(0,x) =0 (x) in [1,2] (3.5) 

Let E 12 =C* ([0,1], C 2 ([1,2])) be endowed with the norm 


Hull = 

max{max t ^ €[(UHt2] \u(t, x) | , max t|X€[0|1] * [1|2] \u t (t, x) \ 

t x€[0^]q+ 2] CL ^ I ’ ^^t,x€[0,l]*[l,2] \^xx (L ^0 1} 

With K12 we denote the set of all equicontinuous families in 
E 12 . Let K 12 = K 12 , 

K 12 = {u€ K 12 | |u| | <B} 

Since O € C([l,2]), f€ C([0,1]*[1 ,2]*[-B,B]*[-B,B]) we have 
that there exists a constant M i2 >0 such that 
|0(x)| < M 12 in [1,2], 

\f(t,x,y,z)\ < M 12 
in [0,1] X [1,2] X [-B,B] X [-B, B]. 

Let b >0 be chosen so that 

h (5B+2 Mi 2 )<B. (3.6) 

Let also, 

L 12 = [u E K : \\u\\ < (1 + k)B] 


We note that K i2 is a closed convex subset of Li 2 
For u G L i2 we define the operators 
T 12 (u)(t,x)= (1 + l^u(t,x), 

Si 2 (u)(t, x) 


= -l 


rX ry 

u(t, x) + I I (u(t,z) — 0(z))dzdy 


— I (u( t,x) — UnQr, 1) — (x — 1 )u 11 x (t, 1 ))dr 
Jo 

n x ry 

I / (t, z, u (t, z) , v x (t, z) ) dzdydr 
_ Ji 

As in Step 2one can prove that there is u i2 G C 1 
([0,1],C 2 ([1,2])) which is a solution to the problem(3.4), 
(3.5). This solution u i2 satisfies the integral equation 


K 


rf 




[Research Publication 


/i Ji («i2 0 ’ z ) ~ 0(z))dzdy (3.7) 

- (u 12 (r,x) - u n (r, 1) - (x - l)u Ux (r, l))dr 

Jn 


n x ry 

I f(r, z, u 12 (t, z), u 12x (t, z))dzdydr = 0 
_ Jl 


Now we put x=l in (3.7) and we find 

(u 12 (r, 1) - u u (r, l)dr = 0, 

j 0 

Which we differentiate with respect to t and we get 

u 12 (t, 1) = u n (t, 1) 

in [0,1]. (3.8) 

Now we differentiate (3.7) with respect to x and we find 

f x (un(t,z) - <P(z))dz - fg(u 12x (r,x) - u Ux (j, l))dr - 

J 0 f(j, z, u 12 (r, z), u 12x (r, z))dzdr = 0 

In the last equation we put x=l and we become 

Io(u 12x (t,x) -u 11x (t, l))dr = 0, 

Which we differentiate with respect to t and we get 
Wi2*(t.l) = u llx (t, 1) in [0,1] (3.9) 

Now we differentiate (3.8) with respect to t and we get 
Wi2t(t. !) = u lu (t, 1) in [0,1]. 

Hence , (3. 8), (3. 9) and 

f(t,l, u n (t, l),u Ux (t, 1)) = fit, 1 ,u 12 (t, 1 ),u 12x (t, 1)), 
we find 

t^l2 xx CL 1) t^i 2 1 (L f ) /(L f ; tti 2 ( t, 1), U^ 2x (y, 1)) 

= u n (t,l) - u n it, l),u llx (t,l)) = Uuxx(fi, 1) 

in [0,1]. 

Consequently the function 


'u n (t,x) in [0 ; 1] * [0,1] 

.u 12 (t,x) in [0,1] * [1,2], 


C*([0,1], C 2 ([0,2])) is a solution to the problem 
u t - u xx = f(t,x,u(t,x),u x (t,x)) in (0,1]*[0,2], 
u(0,x) = O(x) in [0,2]. 

Then we consider the problem 

u t - u xx = f(t,x,u(t,x),u x (t,x)) in (0,1]*[2,3] (3.10) 

u(0,x) = O(x) in [2,3]. 


As in above there is Ui 3 € C^tOJ], C 2 ([2,3])) which is a 
solution to the problem (3.10) and satisfies the integral 
equation 


J 2 f -2 C u i 3 (t, z) - d>{z))dzdy - / n f (u 13 (r, x) - 

(u12t, 2—x—2ul 2 x( t, 2) )dr— 0t2x2yfr,z, ul3r,z, ul 3 xt,z 

dzdydr=0 

The function 

jun(t,x) in [0,1] * [0,1] 

ju 12 (t,x) in [0,1] * [1,2] 

(u 13 (t,x) in [0,1] * [2,3] 

C'(|0,1 1, C 2 ([0,3])) is a solution to the problem 
u, - u xx = f(t,x,u(t,x),u x (t,x)) in (0,1]*[0,3], 

u(0,x) = O(x) in [0,3]. 

1 2 

An so on. We construct a solution U13 € C ([0,1], C R )) 

which is a solution to the problem 

u t - u xx = f(t,x,u(t,x),u x (t,x)) in (0,1]*R, 

u(0,x) = O(x) in R. 

Then we consider the problem 

u t - u xx = f(t, x, u(t,x), u x (t,x)) in ( 1 ,2] * [0, 1 ] , 

u(l,x) = Ui(t,x) in [0,1]. 


106 


www.ijntr.org 


Global Existence of Classical Solutions for A Class Nonlinear Parabolic Equations 


1 2 

As in above, this problem has a solution u 2 i € C ([1,2], C 
([0,1])) which satisfies the integral equation 

f 0 X fo ( u 2 i(f. z) - Ui (1. zj)dzdy - 

1 1( u21 t,x — ul t, O—xul t, 0 )dr—ltOxOyfr,z, u21 t,z, u21xt, 
zdzdydr= 0. 

We have that 

u 2 i(t,0) = Ui(t,0), u 21t (t,0 ) = u lt (t, 0), 


Where d{0, O x } ► 0 as <D(x) ► (x)for every x € R. 

Hence, when <D(x) ► O^x) for every x € R, we get 

0 = 

fo fo&tt’ z) - l)dzdy - J (| f v(t, x)dr + J f | v(t, 0)dr + 
0txpxT,0dz— 

0t0x0yd/dur,z, ut,z, ft &, uxt,z, ft Ovr,zdzdyd t— 
0t0x0yd/dur,z, ut,z, ft 0, uxt,z, ft Ovxrydzdydr (4.1) 


U 2 ix(t.O) = U lx (t, 0), u 21xx (t, 0) = u lxx (t, 0) in [1,2] 
Also, we have, x €[0,1], 

U 21 ( l,x) = Ui( l,x) = u n ( l,x), u 2u (l,x) = 
u lt (l,x) = u llt ( l,x), 


V-2lx 0> X) X~) ^llxC x), ^21xx X~) 

Ulxx 0< x) ^llxx 0> x')- 

1 9 

An so on, we construct a solution u € C ([0,2], C R)) of the 
problem 

u t - u xx = f(t,x,u(t,x),u x (t,x)) in (0,2] *R, 

u(0,x) = O(x) in R. 

1 2( 

And so on, we construct a solution u € C ([0,oo), C A R)) to the 
problem (1.1), (1.2). 

We note that u mm satisfies the integral equation 

rX ry 

I I ( u mn z ) — u m - 1 ( m ~ z))dzdy 
Jn—i Ai — 1 

J r ^ 

yUrrin (T> x) _1 (T> 

771 — 1 

— (x — (n — i n ~ 1)) 

rt rX ry 

I Ilf ff'YtiTi ( T > t 'U'ttlylx (j> z)) dzdy dr — 0. 

‘'771—1 *'71 — 1 *'71 — 1 


Which we differentiate twice in x and once in x and we get 
that v satisfies (1.3). Now we put t=0 in (4.1) and then we 
differentiate twice in x, and we find that u satisfies (1.4). 
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IV . Proof of Theorem 1 . 2 

We have that the solution u(t,x,0,<D) satisfies the following 
integral equation 

Q (®) = J 0 X / 0 y ( u{t , z, 0, O(z)) - O(z)] dzdy - 

0t( u( t,x, 0, 0(x))— u( t, 0, 0, 0( 0))—xux( t, 0, 0, 0( 0) )dr— 

fo f '2 fi f( T ’ z ’ u ( T - z ' °< ^(Z)), u x (r, z, 0, 0(z)))dz = 0 


Then 

Q m - Q (Oi) = 

fo fo 7 ( U ( f > Z ' °' ^00 ) “ u ( t ’ Z ' °< 0 ( z ))) “ (d>(z) - 
01zdzdyOtur,x, 0, 0x—ut,x, 0, 01xdr+ Otur, 0, 0, 00— ur, 0, 
0, 01 Odr+xuxr, 0, 0, 00—uxr, 0, 0, 01 0)dr— OtOxOy/ry ur, 
z, 0, 0z, uxt,z, ft 01zdz— 


/( t, z, u(t, z, 0, (z)), u x (t, z, 0, (z)))dzftydr 


fa fo (f§ A z- 0, <J>(z)) - l) dzdy - ^ (r, x, 0, (D)dr 

Otdud0r, ft ft 0dr+ Otxdud0xr, ft ft 0dr— 

fn fo fo 77, O' z - ni ' T ' z ' °' u * (t ’ z ' °- 77 h, z, 0, 0) 


+ 


dzdy dr — 

fo fo fo jy- ( T - z, u(t, z, 0, 0), u x (t, z, 0, 0)) (r, z, 0, 0 )dzdydx 


+ 
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